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We consider a two~dimensional unsteady problem of diffraction of a plane acous-
tic wave on a closed, thin, elastic, circular cylindrical shell, We use the method
of double integral transformations; Laplace transformation with respect to time,
and Fourier transformation with respect to an angle, and obtain the inverse trans-
forms.in approximate form using the method of steepest descent and of determin-
ing residues at the poles. We derive the asymptotic formulas for the pressure
fields behind the fronts of the emitted, reflected and diffracted waves, and ana-
lyze the influence of the shell elasticity on all the above waves, The state of
the problem is elucidated in the monographs and articles [1— 24] and the ma-
thematical apparatus used here is that developed by Friedlander [1, 2, 13].

1, Statement of the problem, A closed, thin, elastic, circular cylindrical
shell is at rest in an unbounded, ideal compressible fluid, and an acoustic wave
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impinges on this shell along the normal to its longitudinal axis,

Let us consider the following two-dimensional unsteady problem: to find the pressure
field in the wave p, (p, is the sum of the emitted, reflected and diffracted waves) caused
by the action of the wave p, and satisfying the following wave equation as well as the
initial and boundary conditions:
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We assume that the solution is bounded within its domain of definition,

The time is counted from the initial instant when the incident wave comes in contact
with the shell surface at the point with coordinates r = 1, 6 = 0.

The equations of motion of the shell correspond to the linear, Timoshenko-type theory
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In the above formulas (1, 1) — (1.3) we use the following notation:
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Here R and 0 denote the radial and angular coordinates, T istime, X is the coordi-
nate pointing in the direction opposite to the direction of propagation of the incident
wave; p and C are the fluid density and speed of sound in the fluid; £, v and 0,
denote the modulus of elasticity, Poisson's ratio and the shell material density, respec-
tively: R, and 2h are the radius and the thickness of the shell; U, and U, denote
the tangential and radial components of the shell displacement vector, u, is the angle
between the normal and the median shell surface, C, and C, are the velocities of pro-
pagation of the elastic wavefronts in the linear theory of thin Timoshenko-type shelis,
kr is the numerical shear coefficient, Py is a constant with the dimension of pressure,
£ is an arbitrary bounded function defining the law of pressure variation in the incident
wave; H is the unit Heaviside function and §;; is the Kronecker delta,

2. Formal solution, We obtain a solution of the problem using the method of
integral transformations, We perform the integral Laplace transformation over the time
¢t ,and the integral Fourier transformation over the angle § . Let us write the formulas
for the forward and inverse transformations
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Here s denotes the Laplace transformation parameter and @ is the Fourier transforma-
tion parameter,

We carry out the Fourier transformation over the angle 0 under the assumption that

the function f (r, 0, t) is defined not only in the physical domain r > 1, —n < 8
n, t > 0, but also on the Riemannian surface the sheets of which are defined by the

formula 2k —D)a<o<< @+ D k=, =101, ..

Since we know in advance that the function f(r, 6, t) undergoes discontinuities on
certain space-time characteristics, we shall regard f (r, 0, t) as a generalized function
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(distribution in the Schwartz sense). Using the displacement theorem, the relation § =
1 — r cos 6 and the integral representation

O

Io(sr) = — % S exp (srcos 0 — iwB) do

—00

we obtain the following LF transformation of the incident wave:

PiEF (r, @, 8) = — Ao (s) I, (sr), A, (s) = 2np, gi(s) e~* (2.1
For the zero initial conditions the ILF transformation of the wave equation (1, 2) assumes
the form a 18 2 o? LF _
et+ra—s (1+ 5%) ] pir =0 (2.2)
Let us write the solution of (2, 2) bounded for r —» 00 ,in the form
p2LF (T‘, w, S) = AZ (3) K, (ST) (2.3)

where K, (sr) and I, (sr) are the modified Bessel functions and A, (s) is an unde-
fined coefficient,

The LF transformations of the equations of motion of the shell (1. 3) and of the con-
ditions of contact at r = 1 ,together constitute the following system of algebraic equa-
tions:

(2.4)
&1

afui’ = — S (PET + PP [0, aff = aff =129

1 @

LF _ LF L

u'3 - szpcza}-_(pl + ng) 'P=1
antf = — (0% + A2+ %), aplf = u%,  alf = io (1 + %7
AgqlF = — [a¥(0? + %A% + %2, ayelF = — i0K?, agelF = ¥ +sA% 41

We solve the above system by substituting (2. 1) and (2. 3) into (2. 4), thus obtaining the
following LF transformation for the pressure p, :
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Here and in the following a prime denotes the derivative with respect to the argument.

PEF (r, 0, 8) = Ao (5) K (s7)

8, Olver sxpansions and the asymptotics of the LF transfor-
mations, Since the process of inverting the formal solution (2, 5) is difficult when
the parameters ® and s are arbitrary, we shall now construct the asymptotics of the for-
mal solution under the assumption that the Laplace transformation parameter s is large,
real and positive, We replace the modified Bessel functions and their first derivativesby
the asymptotic Olver series [25 — 27]. Substituting these series into (2, 5) and assuming
the parameter § to be real and large, we obtain
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Below we shall show that the above inverse LF transformation corresponds to the
asymptotics of the reflected and emitted waves near the front, By the emitted waveswe
mean the waves generated in the fluid by the process of wave propagation taking place
within the elastic shell.

4, Langer's representation and the asymptotics of the LF
transformations of the diffracted waves with 8 — oo.
Consider the transition region in which

o~ils+ash+0(EM)], |la|~1 4.1

and replace in it the modified Bessel functions and their first derivatives by the Langer's
asymptotic formulas [2, 28]. Using these formulas and the expression for the Wronskian
of the modified Bessel functions we can show that for large, real values of the parameter
s the LF transformation (2, 5) assumes the form
Ao(s) K (sr) 1) ()
LF —_~ ~t/s
b, (r, ®9) DsK ' (5) — d1sD2K ($) [1+0 )] (4.2)

Below we shall show that the inverse of the LF transformation (4, 2) corresponds to the
asymptotics of the diffracted waves at the front., By diffracted waves we mean the waves
generated in the fluid by the passage of the incident wave bending around the shell,

5, Inversfon of the Fourler transformation,
5.1, Reflected and emitted waves. We write the inverse Fourier transfor-
mation of the LF transformation (3. 1) in the form

Pol(r, 0,8) ~ A3 (5) I (s), As(s) = pogl(s) e (2nsr)™ 5.1
I(s) = S K () exp [sk (w)] do

—o0

K (0) =y [1 — 72 (%5 + %) + O (s79)], & (0) = %5 + iwds™!
The integrand function has simple poles determined by the roots of the denominator in
the expression for %, in (3. 1), For large, real and positive values of the parameter s the
coordinates of the poles can be written in the form of asymptotic expansions in inverse

powers oy ~—F+ihs[1 +ris2+ 534+ 0(Y], ri= ZLM (5.2)
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The poles define the relative velocities of propagation of the elastic wavefronts in the
shell : A~! for the membrane (@,) and flexural (w,) waves, xA~! for the shear (w,)
wave, and the critical angles of appearance of the emitted waves

. . A A .
014 = 034 = 2aresin A — arcsin - 034 = 2 arcsin + — arcsin -—3’;—

We shall distinguish three separate zones, depending on the angle of observation §
008, 2)0, <00, 3) 0, <0

In the illuminated region 0 << | 0 | << n/2 the L-transformation of the reflected
wave determined in the approximate form from (5, 1) by the method of steepest descent,
it exists in all three zones. When the angle of observation @ increases and exceeds 0, ,
then the [L-transformation of the reflected wave must be supplemented by the [-trans-
formations corresponding to the emitted waves generated by the membrane and flexural
waves propagating through the shell, When the angle of observation exceeds U, , we
must also include the [-transformation of the emitted wave generated by the shear
wave propagating through the shell. The [L-transformations of all emitted waves can
be found by evaluating the residues at the poles of the integrand function (5. 1).

The method of steepest descent enables us to write the integral in (5, 1) in the form
of a series in powers of the large parameter s

I(s)~ (2:5)'/’ [st™ (@)]* K (w) exp[sk (w)] [1 4871 2, P; (0) 4 0(3")]1 (5.3)
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The coordinate of the point ® = @, of steepest descent is given by the equation
k(o) = (0, and has the form

O, =is sin P, @, = issiny, 0 +y—28=0 (5.4)
Figure 1 gives the geometric interpretation o
of the angles @, p and y where § is the (6)
angle of incidence and 0 is the angle of /

observation,
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Substituting the formulas (5. 3) and (5. 4) into (5, 1) and performing simple manipula-
tions, we obtain
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The Cauchy theorem on residues at the poles yields the [ -transformations of the emit~
ted waves, Substituting into (3. 1) the coordinates of the poles @; (j = 1, 2, 3) given
by (5. 2), we obtain

Res [psl (1, 0, 5); @;] = A4, (5) (2ns)Vewy By By [1 — 572 (5 +
#g) + O ()] @ [, _,
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Neglecting terms of the order of a2 and s~ which are small compared with unity and

performing simple manipulations, we obtain the following I, -transformations of the
emitted waves:

3
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The coefficients n; and 7, must be made equal to zero, since the asymptotic expansions
for the roots @, and @, are insufficiently accurate, The index k denotes the number of
rotations performed by the corresponding emitted wave.

5,2, Diffracted waves. We write the inverse Fourier transformation of the
L F-transformations (4. 2) in the form

e =]

I’ (s) exp (iwB) .
Pl (r, 6, s)~~SA0(s) Ko (7 o s —sapo s [+ 0 ldo (5.7
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The integrand function in (5. 7) has simple poles ® = @y which are defined by the
roots of the denominator, Substituting the Langer's asymptotic formulas [2, 28] into
(5.7) and assuming that the parameter s is large and real, we obtain

Op ~ = ils+ apsh + O (s79)] (5.8)
where o is obtained by the equation
Av ((l}) = O, r = —2'hg (5. 9)

Here Ai (z) is the Airy function, and the roots £ = a;’ of Eq. (5. 9) can be found from
tables [25].

It follows from (5, 8) that the diffracted waves propagate at the velocity approximately
equal to the speed of sound in the fluid, The elastic properties of the shell do not affect
the coordinates of the poles w,to within the accuracy of the relation (5. 8).

We use the Cauchy theorem on residues at the poles to evaluate the integral (5.7).
Using the relations 4 , .
%Km (8) ~ —ins™t f(oc) exp ( mw)
0

, 7}
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da
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the Langer's asymptotic formulas [2, 28], the formulas (5. 8) and (5. 9) we obtain, after
simple manipulations,
n

p L@, 0, s)~ 2 i gL.5) Y1 eXP (Ta8 — Ya5~) [s7e — 8o572 4 O (s7")] (5. 10)
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Ta= = 18]+ — 1 — (" — 1" 4 arocos
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We note that the values of the Airy functions Al () comesponding to the roots of the
equation Ai’ (z) = 0 can be found from tables [25].

8, Inverse Laplace transformation,
6,1, The reflected wave. Using the convolution and the displacement theo~
rermns, we find the original function in the L-transformation (5.5)

P8 ~p[e)—mem{ermg a4 6y
» &
%

ngg{x)dxlﬂ(r*k Te=t—a, (t,<€1)
0

The second term in this expression explicitly represents the effect of the elastic proper-
ties of the shell on the reflected wave, The third term shows how the nondeformable
convexity of the reflector affects the form of the reflected wave (as compared with the
incident wave),

6,2, The emitted waves, Using the convolution and displacement theorems,
we find the original function in the L-transformation (5. 6)

]
B8 =3 P {m; § £@vn (s —2)de + 6.2

=1
*g

1]

g{x) v {t; —2) dx} H (%)

é
o= () w2 (3 )]
= (i

%2zo ~3a . x‘zzg iy
zaz.?» (1 ) ) TJ‘J% [2 (2“% {1 — »®) H) ]

4 R L TN Dizy
v = "7 v ex ey e
T e Va P [ MV R ] r R=01
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The jump intensity across the front of emitted waves ¢, = 0 and 13 = 0 is weaker
than the jump intensity across the wavefront 13 = 0 by two orders of magnitude, The
elastic properties of the shell affect each of the peripheral emitted waves,

6.3. Diffracted waves. Using the convolution and displacment theorems we
find the original function in the L»transfarmation {5.10)

pa(r.6,8) ~ 2 PoT1 [S g (x) uy, (To — z) dz — (6.3)

Ky

& S ¢ (@), (1o — 2) do | H ()
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1 Fgdioo
Ui (To) = 55 S 51 exp (Tes — Yo5) ds, I = Y. Y,
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Following Friedlander, we evaluate the integrals u (ty), {! = /4, Y,) using the
method of steepest descent, The coordinate of the point of steepest descent is given by

the equation % (Tos — Y3s™) = 0

and its value is &, == (Y3/37,)"". Substituting this value of $, into the standard formula
of the steepest descent, we abtain the following approximate expressions:

B 6l —1 2 ¥
m(E) =gy WO (1 =S n= 5

{6, 4)
We note that the tenn containing §, in (6, 3} reflects explicitly the influence of the elas-
tic properties of the shell on the diffracted waves, Figure 2 shows schematically the dis-
tribution of the wavefronts in the fluid
at a fixed instant of time (since the
pattern is symmetric, only the lower
part is shown},

Thus, using the method of repeated
integral trapsformations we found the
asymptotic solution of the problem
near the pressure wavefronts, The inde~-
pendent variables r, @ and ¢ can as~
sume arbitrary values, but their combi-
Fig. 2 nations determining the distances from

the wavefronts must invariably remain

small,

For each type of wave we have obtained the following: an equation of the wavefront,
the intensity of the pressure jump or its first derivatives at the wavefront, a formula des-
cribing the change in the pressure amplitude with increasing distance from the wavefront,
and the variation in the pressure amplitude along the front. At small distances from the
wavefronts the pressure amplitudes of all three wave types (reflected, emitted and dif-
fracted) depend on the elastic properties of the shell, The strongest influence is exerted
on the emitted wave generated by a shear wave propagating along the shell at the velo-
city C,.

We use the asymptotic expansions obtained as a starting point to describe how the pro-
perties of the shell can be found from the system of waves ” induced” by the shell. lLet
the source and sink of the acoustic waves be situated at a single point (0 = 0). As we
know, the reflected wave can yield the following data: distance from the shell can be
found from the lag of the reflected wave, and the shell radius from the purely geometsi~
cal reduction in the amplitude of the reflected wave compared with the transmitted
wave, The formula (6. 1) shows that we can also determine the relative wave resistance
(drag) {, of the shell caused by the difference between the laws governing the pressure
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variation with time in the reflected and transmitted waves
PIC _ /s
L A (L
pC P+ v) (1 —2v)
If the sound source and receiver situated at the point (8 = 0) are supplemented with
a pressure detector at some other fixed point (with 8 *> 03,) , then from (6. 2) it fol-
lows that we can determine the velocity of propagation C, of the shear waves in the
shell from the delay of the emitted wave generated by the shear wave propagating through
the shell at the velocity C,.
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OPTIMIZATION PROBLEMS FOR PLATES OSCILLATING IN AN IDEAL FLUID
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(Received July 18, 1975)

The present paper deals with the oscillations of elastic plates in an ideal fluid.
The optimizing problem of determining the thickness distribution for which the
fundamental oscillation frequency is a maximum, is formulated. Necessary con~
ditions for the extremum are derived, The relation between the fundamental
frequency (a functional) and the parameters of the problem is investigated. The
asymptotic behavior of the thickness and deflection distributions at the edgesof
the optimal plate is studied, An analytic solution of the optimization problem
is given for thin, three-layer panels and it is shown that in this case the condi-~
tions of optimality are not only necessary, but also sufficient. The problem was



